A Study on Linear Process Control

KOICHI IINOYA and R. J. ALTPETER

Critical limits of controller parameters (PID) and critical cycling periods are derived for
several linear processes. A method for determining the approximate dynamic characteristics of a
process is developed. A pressure control system is analyzed by this method and its behavior

interpreted.

Of the many studies published on
process control some are highly mathe-
matical with limited usefulness. Con-
venjent tables, relating the range of
controller parameters (PID), and criti-
cal cycling periods are herein pre-
sented for typical simple linear pro-
cesses.

Though there are several methods
for estimating process dynamic char-
acteristics by means of various re-
sponses, the step-response method
does not have good accuracy in general,
and the frequency response is rather
involved. Likewise other methods have
disadvantages. A method is described
in which the approximate dynamic
characteristics of a process are ob-
tained by use of critical cycling tests,
and the control behavior of a simple
process is interpreted. This method is
simple and practical and is considered
as a supplement to those mentioned.

CRITICAL CONDITIONS OF
CONTROLLER PARAMETERS

Several methods for determining
the optimum controller settings have
been reported since the publication of
the Ziegler-Nichols method (1, 2, 9).
These are usually based upon a 25%
damping ratio. However in some pro-
cesses the overshooting of the response
curve is to be avoided, in which case
a near critical damping response is
desirable. On the other hand if the
output amplitudes are not excessive, a
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nearly critical cycling condition may
be selected if a quick response is im-
portant, Thus the requirements of the
process dictate the type of the opti-
mum response selected. Moreover the
actual controller performance is not
strictly in agreement with the theo-
retical control response, but under all
circumstances the optimum control
should be selected between conditions
of critical cycling and critical damping,.
The conditions for some typical linear
processes are here presented. This
treatment is based on the well-known
mathematical relations of automatic
control (8, 7).

A third-order process and PID con-
trol represents the highest order sys-
tem which can be easily analyzed:
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Fig. 1. The calculation of T from critical cy-
cling in four processes with proportional
control.
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The characteristic equation of this
closed system is obtained from GH +
1 = 0 as follows:

T.T.T.Ts'+ (T To+T.Ts+T:T;) T,s°
+ (T1+ T4 Ts+MKTp) T,s*
+{(MK+1)T;s+MK=0 (3)

The stable conditions of the closed
loop are obtained from the Routh-
Hurwitz theorem, and the damped
conditions result from the existence of
imaginary parts in the roots of the
characteristic equation, as shown in
Table 1.

The critical (undamped) cycling
period of these systems can be obtained
by equating the imaginary portion of
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Fig. 2. Relations between T/t and L/t vs.
T/L for three processes with proportional con-
trol and critical cycling.
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TaBLE 1. CoNTROL CONDITIONS FOR LINEAR PrOCESS (P, I, D CoNTROL)
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the equation to zero, when letting
8 = jw and 7 = 2n/w. From equation
(3) of a third-order process

-\/ T.T, + T.T, + T,T,

7= 27 (4)
MK + 1
and for a second-order process
T.T,
r=27 V—m—m— (5)
1+ MK

From (4) and (5) it is observed that
the critical cycling period is inde-
pendent of T, and T, of a controller.

It is noteworthy that this result can
be extended to any higher-order proc-
ess, of which the transfer function is
the type of Equation (1).

ESTIMATION TRANSFER FUNCTION
BY CRITICAL CYCLING METHOD (5)

The critical (undamped) cycling
method has been used by Ziegler and
Nichols in order to determine the opti-
mum control conditions (9). It can
also give dynamic properties of a proc-
ess by making use of critical conditions
and the critical cycling period for the

TaBLE 2. Tae CaLcuLATIONS OF T AND L FroM CrrTicar CYCLING
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closed-loop system. In the Ziegler-
Nichols method a first-order and dead-
time transfer function is usually as-
sumed to approximate the process
characteristics. However this function
may be unsuitable to approximate the
actual characteristics because of its
discontinuity at the end of the dead
time. Therefore a second-order transfer
function with two equal time con-
stants and a dead time is presented to
approximate any usual process charac-
teristics as follows:

Me™

-y @

1f this process is controlled by a pro-
portional action (H 100/P) and
the closed loop is in the critical cy-
cling, the following equations are ob-
tained:

100 M e

:___=_1
P(Ts + 1)°

(7

which in substituting s =jo and sepa-
rating into real and imaginary parts

yields

100M
=2 V_——_1 (8
2
1 1. T
L=s| ———tan" 27 —
2 T T

Two unknown characteristics, T and
L, can be easily calculated from known
values, M, P, and r, which are ob-
tained by a statical change and a criti-
cal cycling test. This method is con-
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TaBLE 3. ExPERIMENTAL AND CALCULATED DyYNaMic CHARACTERISTICS

Tank

Tank pressure,

vol- S- Crijtical

ume, lb./sq.in. cycling, Case A,

cu. ft. or % P %  sec. L sec. T sec.
1.8 20 11 30 2.0 22
1.8 30 13 25 1.8 17
1.8 40 14 22 1.7 14
1.8 50 15 19 1.5 12
1.8 60 13 18 1.3 12
5.5 20 10 33 34 41
9.1 20 8 60 3.5 53
9.1 30 9 46 2.8 38

venient to obtain dynamic character-
istics of a process without any special
measuring instrument, especially in a
process having a quick response. This
procedure may also be applied to
other control actions, for example PI
control. If the critical cycling test were
performed with two different control
actions, four unknown characteristics
might be evaluated in the closed loop.

Another advantage of this method
is that a cycling period r can be meas-
ured very easily and accurately only
by the use of a stopwatch. But the
proportional band (or sensitivity) of
the controller has to be calibrated.
Any nonlinearity in the closed loop
except dead time should be avoided
during the test or by a computation
procedure.

Figures 1 and 2 show relations
among the above mentioned charac-
teristic values and are useful to calcu-
late T and L. These graphs also in-
clude the cases of simpler processes
which often appear in practice. Table
2 gives the relationships in more gen-
eral processes controlled by P or PI
action.

If hysteresis is present in the con-
troller, that is backlash, the true T’
and L’ are smaller than the T and L
values calculated by this method
without the hysteresis. The difference
between the values depends upon the
amplitude of the critical cycling. These
values are obtained by using the de-
scribing function shown in Figure 3
as follows (4, 8):

90 — LG
360
(9)

T'=Tx|G| and ' =L X

A PRESSURE-CONTROL EXPERIMENT

‘Pressure of a tank is controlled by
proportional action with two manipu-
lating valves, as shown in Figure 4.
The process may be assumed as fol-
lows:

da;
—-=C—— = Aq,— Aq. [Ib./sec.]

Case B, Case C, Step response,
L’sec. T sec. Losec. Tlsec., L”sec. T"sec.
8 108 2.0 25
6 76 1.9 14
6 63 1.8 10 ~10 ~30
5 50 1.7 7
5 55 1.5 7
14 210 4.2 82 ~15 ~50
15 298 3.1 128
~20 ~70
12 204 3.3 70

—AN
Agy = 7’1 + Kaay [lb./sec] (10)

A}f — Ko Ay [Ib./sec.]

2

Ag, =

The flow-rate increments ¢. and g,
can be eliminated in the above equa-
tions:

dap Ap
C—— L —=FK 3, 11
dt R (1)

where 1/R = 1/R, + 1/R. and K, =
K.: + K.

The transfer function of the process
is obtained as follows:

B Ap(s) K,/k, _ M
B B 1 Tis+1
k. Ay (s) Cs + s+
R
(12)

where M = RK,/k, and T, = CR.

The transfer function of the con-
troller and its associated element may
be approximated to include a first-
order delay and a dead time, which in
this case

100
Ap(s) P (T.s+1)

and the following open loop transfer
function becomes

100 M ¢%*

GH =
P(T:s+ 1) (Tas + 1)

(14)

where M = 2.5 was determined by
static experiments. This represents an
average value, since the magnitude of
M changes with the tank pressure. By
a separate determination T, is approxi-
mately 20 sec.

The approximate transfer function
by the critical cycling method is as-
sumed to be one of the following:

Case A: Equation (86)
100 M e™

Case B: GH = ——— (15)
P(1 4+ T's)

Case C: Equation (14)
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Fig. 3. Describing function chart of hysteresis.

- The characteristic values calculated
from Equation (8) and Table 2 are
reported in Table 3. In this system
Case C corresponds to the correct dy-
namic characteristic values, and Case
A gives more reasonable values than
Case B. A chart record of the critical
cycling is shown in Figure 5.

When one assumes Case B, the ap-
proximate experimental values, T”
and L”, obtained by the step response
test are also reported in Table 3. Since
the actual response is similar to a sec-
ond order, it is difficult to obtain ac-
curate values by the step method. In
all cases the time constant T of the
process should be proportional to the
tank capacity C or the tank volume V
for a given tank pressure. The dead
time L should be very small. Case C
yields such results. As shown in Table
3 when the tank volume is increased,
the closed loop system becomes more
stable. Therefore the proportional band
decreases and the cycling period in-
creases at the critical cycling.

INSTABILITY OF PRESSURE CONTROL
BY TWO VALVES (3)

From the experimental results, which
are given in Table 3 and Figure 5, it

is evident that at the intermediate
RC’
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v

Fig. 4. Pressure control of a tank.

September 1961



vand
Ap=10%

AN

80 Moare stable af B, > 70%
N * %
70 )
So
€0 p % or psi
0 (pressure of
ve2ft3 tonk)
20 -P=17% %o
3,
Less €
stable &> 3,
at 50% by Step_ change of “
2 the index point o
O %o
More stable Q
ot p,<30%
T
€0 v=i8ft3
J p{%or psi) p.=30%(psi1
15054c
B4, =13% _critical éycling
20
20

)

Fig. 5. Example of control of air pressure in the tank by a simple pro-
portional control action.

pressure (p = 50 lb./sq. in. or %)
the system becomes less stable than
that at higher and lower pressures
with the same control conditions. This
phenomenon may be explained as
follows:

1. The pressure above the inlet con-
trol valve is about p, = 90 lb./sq. in.
(90%), and the discharge pressure at
the outlet control valve is atmospheric,
p. = 0 Ib./sq. in. (0% ). The pipeline
has some resistance from a silencer.
Therefore if the tank pressure p is
about 50 lb./sq. in. (50%), the flow
through the inlet and the outlet valves
become sonic. With large values of R
Equation (12) approaches an integral
characteristic of the form G = K,/
Cks, and the process becomes less
stable at the intermediate pressure
than at the higher and lower pressures.

2. In general if pressure drop across
a control valve increases but below
sonic condition, the value of K,, in
Equation (10) increases and the static
process gain M also increases. Then
the process becomes less stable than
at a smaller pressure drop across the
valve. When the tank pressure is low,
the flow is sonic through the inlet
valve and subsonic through the outlet
valve. With a high tank pressure the
flow conditions are reversed at inter-
mediate tank pressure, the pressure
drop increases across that valve in
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which the flow is subsonic, and the
process becomes less stable.

CONCLUSION

The critical relations between con-
troller parameters (PID) for several
typical linear processes are developed
and represented in Table 1 which is
useful for actual operation of a process
controller. By mathematical analysis it
was demonstrated that the critical cyc-
ling periods of these systems are in-
dependent of the integral and deriva-
tive actions of the controller.

A method, requiring only simple
time measuring instruments, is de-
scribed for estimating the approximate
dynamic characteristics of some com-
mon processes within a closed-loop
system. The method is also applicable
to processes whose characteristic values
are too small to be measured by a step
change.

A second-order process with two
equal time constants and a dead time
is recommended over a first-order
process as an approximate transfer
function of a process.

The dynamic characteristics of a
pressure-control system were obtained
by the method described and different
pressures and tank volumes. The vari-
ation in stability of this system was
accounted for by a change in transfer

A.1.Ch.E. Journdl

function of the process in the sonic
and subsonic flows.
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NOTATION

= coeflicient

= capacity, sq. ft.

transfer function of a process

(-)

= transfer function of a control-
ler (-)

= proportional

100/P (-)

valve coefficient, 1b./ (sec.)

(% of manipulating  signal)

= constant

Ib./(sq. ft. x % of manipu-

lating signal)

= dead time, min. or sec.

= process static gain (-)

[ % of chart scale ]_

ToQas
I

sensitivity =

F™oxN N
I

I

2

% of manipulating signal
P = proportional band
[ % of chart scale

100% of manipulating signal

P = pressure, controlled variable,
Ib./sq. ft.

g = flow rate, Ib./sec.

R = resistance coefficient of a
valve, sec./sq. ft.

s = Laplace parameter, 1/min. or
1/sec.

T = time constant of a process,
min. or sec.

T; = integral time of a controller,

min. or sec.

T, = derivative time of a control-
ler, min. or sec.

\% = total volume of a tank, cu. ft.

x = amplitude

y = manipulating signal, %

T = period of cycling, min. or sec.

w = angular frequency, rad./min.

or rad./sec.
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